In this paper we prove Liouville type theorem for the stationary Navier-Stokes equations in R 3 . If u is a smooth solution to the three dimensional stationary Navier-Stokes equations, which has finite Dirichlet integral, and vanishes uniformly at infinity, then we show that u = 0 on R 3 .
Introduction
In this paper we are concerned on the Liouville type problem for the 3dimensional stationary Navier-Stokes equations in R 3 .
u · ∇u = −∇p + ∆u, ∇ · u = 0 (1.1) equipped with the uniform decay condition at spatial infinity, u(x) → 0 as |x| → 0.
(1.2)
Here, u = (u 1 (x), u 2 (x), u 3 (x)) is a vector field in R 3 , and p = p(x) is a scalar field. Obviously (u, p) with u = 0 and p =constant is a trivial solution to (1.1)-(1. 2) . An important question is if there is other nontrivial solution. This uniqueness problem, or equivalently the Liouville type problem is currently a hot subject of study in the community of mathematical fluid mechanics. In general we impose an additional condition, the finiteness of the Dirichlet integral,
A solution u of the stationary Navier-Stokes equations, satisfying the finite Dirichlet integral condition (1.3), is called D-solution, or Leray solution, following the work due to Leray [10] . The Liouville type problem for D-solution of (1.1)-(1.2) is written explicitly in [5, Remark 9.6, p.147]. After the statement of the problem it is shown that under the assumption u ∈ L 9 2 (R 3 ) for the solution the solution we have u = 0. The two dimensional Liouville type problem is solved in [6] , while in the n-dimensional case with n ≥ 4, the problem is easily solved as shown in [5] . Thus, the Liouville type problem for D-solution has been wide open only in the three dimensional case. There are numerous partial results(see e.g. [1, 2, 3, 4, 7, 8, 9, 11, 12, 13] and the references therein), deducing the triviality of solution to (1.1)-(1.3) under various sufficient conditions. In this paper we prove that the solution of (1.1) is trivial under the original conditions (1.2) and (1.3) only.
Theorem 1.1 Let (u, p) be a smooth solution of (1.1) satifsying the conditions (1.2) and (1.3). Then, u = 0 and p =constant on R 3 . Remark 1.1 It is well-nown that any weak solution of (1.1) satisfying (1.3) belongs to C ∞ (R 3 ), which can be proved by the standard elliptic regularity theory. Therefore, one can replace the assumption of smooth solution by that of weak solutions.
Proof of the main theorem
Proof of Theorem 1.1 Given smooth solution (u, p) of (1.1), we set the head pressure Q = p + 1 2 |u| 2 and the vorticity ω = ∇ × u. Then, it is well-known that the following holds
Indeed, multiplying the first equation of (1.1) by v, we have
Taking divergence of (1.1), we are led to
Adding (2.3) to (2.2), and observing |∇u| 2 − Tr(∇u(∇u) ⊤ ) = |ω| 2 , we obtain (2.1). We also recall that it is known (see e.g. Theorem 6.1, p.105, [2] ) that the condition (1.2) together with (1.3) implies that p(x) →p for some constantp as |x| → +∞. Therefore, redefining Q −p as new head pressure, we may assume without the loss of generality that
Note that in order to prove the theorem it suffices to show Q = 0 on R 3 . Indeed, if Q = 0 on R 3 , then (2.1) implies ω = 0 on R 3 , and this, together with the condition ∇ · u = 0 implies that u is a harmonic function, and then the decay condition (1.2) combined with the Liouville theorem for a harmonic function shows that u = 0 on R 3 .
We shall now prove Q = 0 on R 3 by a contradiction argument. Let us suppose on the contrary Q = 0 on R 3 . In view of (2.4), applying the maximum principle to (2.1), we observe Q ≤ 0 on R 3 . Moreover, by the maximum principle again, either Q(x) = 0 for all x ∈ R 3 , or Q(x) < 0 for all x ∈ R 3 . Indeed, any point x 0 ∈ R 3 such that Q(x 0 ) = 0 is a point of local maximum, which is not allowed unless Q ≡ 0 by the maximum principle. Therefore, the assumption Q = 0 on R 3 implies that
(2.5)
Let us set m = sup x∈R 3 |Q(x)| > 0. We first claim that
for any continuous function f on R, and for almost every λ ∈ [0, m]. Indeed,
where ν denotes the outward unit normal vector on the boundary of the domain Ω λ := {x ∈ R 3 | |Q(x)| > λ}, and we used Sard's theorem to justify the use the divergence theorem on the domain Ω λ , whose boundary ∂Ω λ , is a smooth level surface for each λ ∈ (0, m) expect possibly measure zero set of points. In particular we have 
(2.11)
Applying the divergence theorem, using (2.9), we find
since R 3 |ω| 2 dx < +∞ by the condition (1.3) , where ∂Q ∂ν is the outward normal derivative on the level surface {x ∈ R 3 | |Q(x)| = λ}. From (2.6) we have I 2 = 0. Therefore, by the monotone convergence theorem we infer .
and in view of (2.4) we observe
We multiply (2.1) by ϕ λ , and integrate it over R 3 to have
for almost every λ ∈ (0, log(1 + m)]. Integrating by part, we compute
as λ → 0 thanks to (2.10). Passing λ → 0 in (2.15), and taking into account (2.16) and (2.17), we are led to
where we used the fact (2.14), and applied the dominated convergence theorem. Therefore, ω = 0 on R 3 . Now, the equation (2.1) is reduced to ∆Q − u · ∇Q = 0 on R 3 , which together with (2.4) imply Q = 0 on R 3 by the maximum principle and (2.4) . This is a contradiction to (2.5).
Remark after the proof.
We consider the following equations in R n , which is a generalization of (2.1), ∆Φ + v · ∇Φ = Ψ, ∇ · v = 0, (2.18) where Φ = Φ(x 1 , · · · , x n ) and Ψ = Ψ(x 1 , · · · , x n ) are smooth scalar functions, while v is a smooth vector field on R n . Moreover, we suppose that (Φ, Ψ) satisfies the following conditions,
Φ(x) → 0 as |x| → +∞, Ψ ≥ 0 (or, Ψ ≤ 0) on R n , Ψ ∈ L 1 (R n ), (2.19) then repeating the same argument as the above proof with obvious changes, one can show Φ = Ψ = 0 on R n .
